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Abstract
In this note, at first we will point out a fact which is implicitly contained in the original paper
of John and Nirenberg [Comm. Pure Appl. Math. 14 (1961) 415–426]. If a BMO(Rn) function f
satisfies lima→∞
∫
|f |>a |f |dx < ∞ (obviously if the value of left term is finite it must be zero),
then there holds
f ∗(t) Cf,n ln
(
2 + 1
t
)
, (1)
where f ∗(t) is the nondecreasing rearrangement of f . As a consequence, we get the following in-
equality
‖f ‖p  Cnp‖f ‖r/pr ‖f ‖1−r/pBMO , 1 r  p < ∞. (2)
By this inequality, the bilinear estimates in BMO in [Math. Z. 235 (2000) 173–194] can be easily
improved. These bilinear estimates are crucial for the main results in that paper.
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In [2] Kozono and Taniuchi proved that
‖fg‖r Cr,n
(‖f ‖r‖g‖BMO + ‖g‖r‖f ‖BMO), 1 r < ∞. (3)
Using this kind of inequalities, they improved the result about the global existence of solu-
tions to the Euler and the Navier–Stokes equations. From (2), it is obvious that
‖fg‖r Cr,n
(‖f ‖r‖f ‖BMO‖g‖r‖g‖BMO)1/2
which implies (3).
We state the main results below.
Lemma 1. Let f ∗(t) = inf{s: |{x: |f (x)| > s}| t}. If a BMO function f satisfies
lim
a→∞
∫
|f |>a
|f |dx < ∞,
then there holds
f ∗(t)Cf,n ln
(
2 + 1
t
)
.
Theorem 2. If a function f ∈ Lr ∩ BMO, then for any 1 r  p < ∞ there holds
‖f ‖p  Cnp‖f ‖r/pr ‖f ‖1−r/pBMO .
2. Proof
Now we begin to prove Lemma 1. Indeed, the condition lima→∞
∫
|f |>a |f |dx < ∞
means that f is the sum of a bounded and an integrable function. If f = v + u, where v is
bounded and u ∈ L1, then v ∈ BMO and thus u = f − v ∈ BMO. Therefore, it is enough
to show that (1) holds for every function belonging to BMO ∩ L1. In Lemma 1′ of [1] it is
shown that if u ∈ BMO then
m
({
x ∈ Q: |u − uQ| > t
})
 C‖u‖BMO e
− Ct‖u‖BMO
∫
Q
|u − uQ|dx
for every cube Q and for every t > ‖u‖BMO. Taking an increasing sequence of cubes cov-
ering Rn,
m
({
x: |u| > t}) C‖u‖BMO e
− Ct‖u‖BMO
∫
|u|dx (t > ‖u‖BMO). (4)
Here we used |uQ| 1m(Q)
∫ |u|dx → 0 as m(Q) → ∞ and ∫
Q
|u−uQ|dx  2
∫
Q
|u|dx.
The C may vary in different cases. (4) will be true for every t > ‖u‖BMO. It is clear that
(4) implies (1).
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Let f = g + h, where g = f χ|f |1 and h = f χ|f |>1. Then |g|p  |g|r  |f |r , and
thus ‖g‖p  ‖f ‖r/pr . We have
∫ |h|dx  ∫ |h|r dx  ∫ |f |r dx = ‖f ‖rr . Putting F(t) =
m({x: |f (x)| > t}) (t > 1), (4) gives F(t) Ce−Ct‖f ‖rr . Thus
∫
|h|p dx = −
∞∫
1
tp dF (t) = F(1) + p
∞∫
1
tp−1F(t) dt
 C‖f ‖rr + Cp‖f ‖rr
∞∫
0
tp−1e−Ct dt = C‖f ‖rr + CpΓ (p)‖f ‖rr
 (Cnp)p‖f ‖rr .
So ‖h‖p  Cnp‖f ‖r/pr and ‖f ‖p  ‖g‖p + ‖h‖p  (Cnp)‖f ‖r/pr , which implies (2).
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